We study prepare-and-measure experiments where the sender (Alice) receives trusted quantum inputs but has an untrusted state-preparation device and the receiver (Bob) has a fully-untrusted measurement device. A distributed-sampling task naturally arises in such scenario, whose goal is for Alice and Bob to reproduce the statistics of his measurements on her quantum inputs using a fixed communication channel. Remarkably, their performance at such task can certify quantum communication (QC), and this is formalised by measurement-device-independent QC witnesses. Furthermore, we prove that QC can provide an advantage (over classical communication) for distributed sampling if and only if Bob's measurements are incompatible. This gives an operational interpretation to the fundamental notion of measurement incompatibility, and motivates a generalised notion of it. Our findings have both fundamental and applied implications.
The prepare-and-measure (PM) scenario is an ubiquitous framework to investigate several foundational and communicational problems. There, one has two distant parties, Alice and Bob, and a referee, who sends them classical random inputs. Accordingly, Alice prepares a physical system, encoding a (classical or quantum) message that she sends to Bob. Bob then makes a measurement on the system and returns his outcome to the referee for final analysis. Depending on whether the message is classical or quantum, this framework provides a natural mindset for, e.g., classical and quantum dimension witnesses [1, 2] , quantum key distribution [3] , classical and quantum random access codes [4, 5] , and self-testing [6, 7] . All these tasks have been extensively studied in the so-called device-independent (DI) paradigm, where both Alice's state-preparation and Bob's measurement stations are given by untrusted apparatuses effectively treated as black-box devices (the dimension of the communication channel is sometimes assumed, though). This implies that both devices admit only classical inputs and that Bob's device generates only classical outputs.
Alternatively, partially DI paradigms have also proven to yield extremely fruitful research lines. These consist of settings where the devices have both trusted (i.e. wellcharacterised and with full quantum control) and untrusted components. Notable instances thereof are the phenomena of quantum steering [8] , semi-quantum instrumental causal networks [9] , and nonlocal correlations with quantum inputs [10] , which can be interpreted as measurement-device-independent entanglement certification [11] . These studies have revealed interesting aspects of quantum theory that could not be properly addressed in the DI regime.
Here, we study the PM scenario with quantum inputs for Alice, which we call semi-quantum prepare-and-measure (SQPM). More precisely, we consider a hybrid device for Alice, that admits trusted quantum-state preparations as inputs but is measurement-DI, and a fully-DI blackbox device for Bob (see Fig. 1 ). In contrast to the usual PM scenario with classical inputs, in SQPM not all welldefined statistics admit a physical realisation. Our first contribution is thus to characterise the set of SQPM statistics that arise from quantum experiments. Then, we introduce a distributed-sampling (DS) problem where the goal is for Bob to simulate the outputs (i.e. sample from the outcome distribution) of measurements associated to his inputs on Alice's quantum states, using as little communication as possible. This is an information-theoretic task that, interestingly, can be used to certify quantum communication from Alice to Bob in the SQPM scenario. We formalise this through the notion of measurement-DI quantum communication witnesses, which can be efficiently obtained by means of semi-definite programmes (SDPs). Furthermore, DS also turns out to be intimately Figure 1 . The semi-quantum prepare-and-measure scenario: A referee sends a random state ρ x to Alice (unknown to her) and a random label y to Bob. Alice then sends a ρ x -dependent message to Bob, who makes a y-dependent measurement on it and returns the outcome b to the referee. Remarkably, the correlations between ρ x , y, and b can certify both that the communication channel from Alice to Bob is quantum and that his measurements are incompatible even when her inputs are the only trusted components in the experiment.
connected to the fundamental problem of quantum measurement incompatibility [12] : We prove an equivalence between the quantum-communication advantage for DS (over classical communication) and the incompatibility of the measurements implemented by Bob's black box. We also show this equivalence to extend to the certification of these phenomena: whenever one is witnessed, by whatever means, so is the other. This provides a precise operational interpretation of measurement incompatibility, and naturally leads to a generalised definition of compatibility relative to the input states in DS.
Preliminaries.-Let H be a d-dimensional complex Hilbert space and Herm(H) the set of linear operators acting on H. Let [n] = {1, . . . , n}. The states of a quantum system associated to H are given by linear operators ρ ∈ Herm(H) that are positive semidefinite and have unit trace, ρ ≥ 0, Tr(ρ) = 1. The quantum measurements with o outcomes on this system are described by collections M y = {M b|y } b∈[o] ⊂ Herm(H) of positive semidefinite operators acting on H that sum up to the identity, M b|y ≥ 0, ∑ b M b|y = I. We denote by S(H) and M(H) the sets of all quantum states and measurements (with any number of outcomes) on H, respectively. A quantum channel is a completely positive trace-preserving linear map
A set of m quantum measurements M = {M 1 , . . . , M m } with o outcomes is said to be compatible, or jointly measurable [12] , if there exists a so- 
for all y ∈ [m] and b ∈ [o]. This expresses the fact that one can perform N and, depending on y and the mother measurement's outcome a obtained, sample b from f (·|y, a) to determine an outcome for M y .
The semi-quantum prepare-and-measure (SQPM) scenario.-Consider the scenario where a sender, Alice, receives a quantum input ρ x , and a receiver, Bob, is given a classical input y (see Fig. 1 ). We denote by S = {ρ x } x the set of quantum inputs for Alice. Alice's and Bob's inputs are randomly chosen from S and [m], respectively, by a referee. Alice then prepares a (potentially quantum) message by implementing some (uncharacterised) operation on ρ x and sends it to Bob, who extracts a classical output b from it through some (uncharacterised) measurement that may depend on y. Such experiment is described by a state-conditioned behaviour {(P(b|x, y), ρ x )} b,x,y , where P(b|x, y) represents the conditional probability of b given x (the classical label of Alice's quantum input) and y. The state-conditioned behaviour thus encapsulates the conditional probabilities of Bob's outcomes in explicit correspondence with the states ρ x of Alice's inputs. From now on, we use the short-hand notation {P(b|ρ x , y)} b,x,y for state-conditioned behaviours and refer to them simply as behaviours.
The standard prepare-and-measure scenario is recovered in the case where the states in S can be perfectly discriminated. Each choice S of trusted quantum states originates a different instance of the scenario, which is completely defined by the triple (S, m, o), where m and o fix the range of values for the labels y and b, respectively. Thus, the standard probability constraints P(b|ρ x , y) ≥ 0, ∑ b P(b|ρ x , y) = 1, for all b ∈ [o], ρ x ∈ S, and y ∈ [m], define the polytope of behaviours from this scenario, whose extremal points are the o m|S | deterministic behaviours (see Fig. 2 ).
The SQPM scenario is measurement-deviceindependent by definition.
Given P(b|ρ x , y), the conditional on the quantum state ρ x and on the classical label y can be completely arbitrary; in particular we do not assume the behaviour can be obtained from quantum measurements performed on ρ x . Whenever this is the case, we say that the behaviour admits a quantum realisation.
Definition 1.
A behaviour {P(b|ρ x , y)} b,x,y admits a quantum realisation if there exists a set of o-outcome meas-
. For simplicity, we refer to these as quantum behaviours.
In contrast with the prepare-in-measure scenario with classical inputs, in the SQPM not all behaviours are quantum; some statistics are incompatible with the given trusted quantum states (see App. A). However, deciding whether there exists a quantum realisation for a given behaviour can be done efficiently by means of standard semidefinite programming (SDP), as shown in App. A.
Distributed sampling and quantum communication witnesses.-We now focus on quantum behaviours {P(b|ρ x , y) = Tr(ρ x M b|y )} b,x,y . We define a distributed sampling task by the following rules:
1. a referee announces a set of states S and a set of m o-outcome measurements M;
2. the referee sends Alice a single copy of a randomly chosen ρ x ∈ S, and sends Bob a randomly chosen classical label y ∈ [m];
3. Alice applies an arbitrary quantum operation on ρ x , producing a message that is sent to Bob; Notice that S is broadcast, but Alice does not know the particular ρ x (i.e. the value of x) sent to her in each run. This task is trivial if Alice and Bob have access to a perfect quantum-communication channel, namely the identity channel. In this case, Alice can simply send ρ x to Bob, who will then hold both inputs and can implement M y , reproducing the statistics accurately. Refs. [13, 14] investigate the task of quantum compression, which can be interpreted as distributed sampling with perfect but lower-dimensional communication channels.
In contrast, consider now that Alice can only send classical messages to Bob. In this case, her most general strategy is to perform a quantum measurement N = {N a } on the state ρ x received by the referee and send the outcome a of her measurement to Bob. He then outputs a classical message b according to some response function, which may depend on the outcome a sent by Alice and the classical input y received from the referee.
Definition 2.
A behaviour {P(b|ρ x , y)} b,x,y admits a distributed sampling realisation with classical communication (CC-realisation, for short) if there exists a quantum measurement N = {N a } n a=1 ∈ M(H) and response functions { f (·|y, a)} y,a such that
For fixed parameters S = {ρ x } x and M = {M b|y } b,y , the set of CC-realisable behaviours can be characterised by means of an SDP. Also, since it is convex and compact, we can describe its border by means of witnesses.
is satisfied by all CC-realisable behaviours, but violated by some behaviour, in the scenario with trusted states S = {ρ x } x .
Therefore, the violation of (4) In App. B we provide the proof of Thm. 1 and details on the SDP approach. As an application of the approach, we study the advantage for distributed sampling of a paradigmatic noisy quantum channel over classical ones.
The results are graphically summarised in Fig. 3 . Measurement incompatibility.-Joint measurability is a classical feature of sets of measurements. Next, we show that this property fits in the context of distributed sampling assisted by classical communication alone. The proof is presented in App. C. Critical transmittance t of a depolarising qubit channel D t : A → tA + (1 − t)Tr(A)I/d when the states received by Alice are chosen from S 1 = {|0 0|, |+ +|}, S 2 = {|0 0|, |+ +|, |r r|}, and S 3 = {|0 0|, |+ +|, |r r|, I/2}, where |+ , |r , |0 are eigenstates of the Pauli measurements performed by Bob, M ≡ {σ x , σ y , σ z }, respectively. D t is self-dual, and for t = 1/ √ 3 its action on M turns this set compatible, making this channel replaceable by a classical one regardless of the input-states. For t = 1/2, it makes any set of projective measurements compatible, and for t = 1/3 the channel becomes entanglementbreaking. More details in App. E.
Theorem 2 provides a novel operational interpretation for joint measurability in terms of a communicational task. It also shows that any incompatible set of measurements generates some behaviour that can certify quantum communication via distributed sampling. In terms of quantum channels, this implies that a channel Λ is useless to certify quantum communication in this scenario if and only if Λ † (M) := {Λ † (M b|y )} b,y is compatible, for any set of measurements M defined in its domain. In this case, the adjoint Λ † is called an incompatibility-breaking channel [15] .
A consequence of Thm. 2 is that a certification of quantum communication via distributed sampling also detects the incompatibility of the implemented measurements. Hence, quantum communication witnesses form a particular class of measurement incompatibility witnesses [16] . In general, the latter are defined by a set of Hermitian operators {F by } b,y acting on the same space as the measurements and a scalar γ such that condition
is satisfied for any compatible set M = {M b|y } b,y , but violated by some incompatible set. Our next result shows that, conversely, every measurement incompatibility witness also detects the exchange of quantum communication in the appropriate distributed sampling context. Measurement compatibility on a restricted set of states.-Theorem 2 unveils a direct connection between distributed sampling and measurement compatibility. More precisely, in its proof we show that when S is the set of all quantum states 1 , i.e. S = S(H), the set of measurements {M b|y } is compatible if and only if the corresponding behaviour {Tr(ρ x M b|y )} b,x,y is CC-realisable. When S is restricted to be a subset of all possible states, behaviours that can be CC-realised are directly connected to a relaxed notion of compatibility which we now define. 
for all ρ x ∈ S, y ∈ [m], and b ∈ [o].
1 Actually, due to linearity it suffices that S just spans Herm(H).
Def. 4 can be applied to a physical situation where the experimentalist is guaranteed that every possible state involved in the experiment lie in a restricted set S, e.g. a qubit experiment where all states involved lie in the xz plane of the Bloch sphere. In this case, the standard definition of joint measurability may be considered an overkill, and the notion of restricted measurement compatibility is more suitable. Fig. 3 also illustrates this concept, as discussed in App. E. Discussion and conclusion.-We have formalised the semi-quantum prepare-and-measure scenario and presented an information-theoretic task natural in this framework, based on distributed quantum-measurement outcome sampling. This leads to quantum communication witnesses, whose violation certifies that two parties are communicating beyond the classical framework. These concepts lie in the measurement-deviceindependent paradigm, and are suited for experimental implementations.
In the context of quantum theory, we proved a close connection between two major quantum theoretical problems: certification of quantum communication and measurement incompatibility. This provides an operational characterisation of joint measurability as a communicational problem, and a relaxation of it restricted to a fixed set of states. In terms of the channel, this means that we can certify quantum communication if and only if its adjoint is not incompatibility-breaking. Also, we showed that witnessing quantum communication is equivalent to witnessing measurement incompatibility. Interestingly, recent works [16] [17] [18] established that any incompatibility witness can be phrased in terms of a state discrimination game. Therefore, state discrimination and quantum communication certification are complementary aspects where all incompatible measurements present an advantage over compatible ones (see Appendix D).
For future research, our work opens questions about the structure of the SQPM polytope and variations of our distributed sampling task, taking into consideration a limited amount of classical/quantum communication, entanglement-assisted classical communication, and probabilistic protocols.
*

APPENDICES
All code is available at www.github.com/ guerinileonardo/DS_QCwit_MI.
A. Quantum realisations
Let S ∈ S(H) be a set of quantum states and m, o be positive integers. Not all semi-quantum prepare-andmeasure behaviours {P(b|ρ x , y); ρ x ∈ S, b ∈ [o], y ∈ [m]} admit a quantum realisation, i.e. can be written as P(b|ρ x , y) = Tr(ρ x M b|y ), for some measurements {M b|y } b,y ⊂ M(H). Indeed, consider H = C 2 , S = {|0 0|, |1 1|, I/2}, o = 2, m = 1 and the behaviour specified by
together with the normalisation constraints. If this behaviour is quantum samplable, then there exists a quantum measurement
an obvious contradiction. More generally, we can decide whether a behaviour {P(b|ρ x , y); ρ x ∈ S, b ∈ [o], y ∈ [m]} admits a quantum realisation with the semidefinite programme given {P(b|ρ x , y)} b,x,y max {q(·|ρ x ,y)},{M y } t
The probabilities {q(·|ρ x , y)/(1 − t)} x,y represent an arbitrary noise, which is mixed to the given behaviour until it accepts a quantum description {Tr(ρ x M b|y )} b,x,y . Hence, the input-behaviour admits a quantum realisation if and only if the optimal value obtained is t * ≥ 1. For a fixed triple (S, o, m), it follows from the convexity of the set of quantum measurements that the set of quantum behaviours is convex, besides compact. Hence, due to the Separating Hyperplane Theorem [19] we have that such a set can be characterised by post-quantum behaviour witnesses.
Definition 5.
A post-quantum behaviour witness is a pair W PQ = ({λ bxy }, α) formed by real coefficients λ bxy and a bound α such that
is satisfied for all quantum behaviours {P(b|ρ x , y)}, but violated by some behaviour of the scenario.
Hence, even if a given behaviour {P(b|x, y)} b,x,y may arise from some quantum experiment, a violation of (10) ensures that such experiment does not involve states {ρ x } x .
We will now show that post-quantum behaviour witnesses can be calculated from the dual formulation of SDP (9) . SDPs as this one are usually associated to the generalised robustness [20, 21] of the property of the inputs under study (in our case, it is the 'post-quantumness' of the behaviour), since we optimise over all possible noises. Let us now fix an arbitrary noise, that is, consider {q(·|ρ x , y)/(1 − t)} y not as variables but as inputs selected previously. Such variation of SDP (9) 
for arbitrary scalars λ bxy and operators U by ≥ 0, A y . Each choice of these parameters yields an upper bound for the optimal value t * of SDP (9) . Minimising over them, considering feasibility constraints and eliminating the slack variables U by and inputs q(b|ρ x , y), we obtain the dual formulation 2 of SDP (9),
Consider the following result. The Separating Hyperplane Theorem suffices to prove Thm. 4. Nonetheless, we will now present a second demonstration, more constructive, that is based on SDPs (9) and (12) . Duality theory says that the optimal solution for the dual problem is always an upper bound for the optimal solution of its primal. Sometimes, however, we may have strong duality between them, meaning that the problems are such that both optimal values coincide. A sufficient requirement for ensuring strong duality is called Slater's condition, which is satisfied whenever there is a feasible point satisfying all equality constraints and strictly satisfying the inequalities ones. Our second proof of Thm. 4 is based on proving that two SDPs above satisfy Slater's condition and are therefore strongly dual.
Proof. The behaviour {P(b|ρ x , y)} admits a quantum realisation if and only if SDP (9) yields an optimal solution t * ≥ 1. This SDP is strictly feasible: for t = 0 we obtain a solution by placing q(b|ρ x , y) = Tr(ρ x M b|y ), for any arbitrary measurements {M b|y } b,y . In particular, choosing M b|y = I/o for all b, y we have that M b|y are strictly positive operators, while q(b|ρ x , y) are strictly positive scalars. Hence, by Slater's condition [19] we have that (9) and (12) present strong duality. This implies that {P(b|ρ x , y)} admits a quantum realisation if and only if the dual SDP (12) yields an optimal solution greater or equal than 1, or equivalently
where λ * bxy , A * Y are provided by the optimal solution of (12). Taking α = ∑ y Tr(A * y ) concludes the proof.
Notice that condition (12b) establishes the structure of the set of post-quantum realisation witnesses.
As an example, inputting the behaviour defined in Eqs. (7) in SDP (12) we obtain the post-quantum realisation witness
The left-hand side of the above witness equals -2 when evaluated on behaviour (7), attesting its "postquantumnes".
B. Distributed sampling with classical communication
Recall that a behaviour {P(b|ρ x , y)} b,x,y can be distributedly sampled with classical communication if there exists a quantum measurement N ∈ M(H) and response functions {p(·|y, a)} y,a such that
Notice that every such behaviour is quantum realisable, associated to the measurements M b|y = ∑ a N a p(b|y, a). Hence, admitting a quantum realisation is a necessary condition for a behaviour to be distributedly samplable with classical communication. The subset of behaviours that can be distributedly sampled with classical communication form a convex set. Consequently, Thm. 1 can also be seen as an application of the Separating Hyperplane Theorem [19] . In what follows, we provide an SDP approach to the problem and an alternative proof of Thm. 1.
Notice that we can always take Bob's response function to be deterministic by mapping its local randomness to the measurement N. In other words, if such a strategy is possible, then it can be done with N having at most n = (o) m outcomes, given by a = a 1 . . . a m , with a i ∈
[o]. These outcomes already encode Bob's answer, who simply outputs the y-th symbol of the classical message a, which corresponds to applying the map p(b|y, a) = δ a y ,b .
Hence we can decide whether {P(b|ρ 
where {q(b|x, y)/(1 − t)} b,x,y is an arbitrary probability distribution interpreted as noise. Running SDP (16) , if the optimal value obtained is t * < 1, then some amount of noise is needed and we know that {P(b|ρ x , y)} requires quantum communication to be distributedly sampled.
Let us now fix an arbitrary noise {q(b|x, y)/(1 − t)} b,x,y (see the footnote in App. A). The obtained SDP admits the Lagrangian
for arbitrary scalars λ bxy and operators V a ≥ 0, B. Minimising over these parameters, considering feasibility constraints and eliminating the slack variables V a and inputs q(b|ρ x , y), we obtain the dual formulation
We now show that these two problems indeed display strong duality. This implies that every behaviour whose distributed sampling cannot be implement only with classical communication violates a quantum communication witness, and proves Thm. 1.
Proof. Since behaviours that are not quantum realisable cannot be distributedly samplable with classical communication, we can restrict our proof to quantum realisable behaviours.
Let {P(b|ρ x , y) = Tr(ρ x M b|y )} b,x,y be a quantum realisable behaviour. Let Φ t : A → tA + (1 − t)Tr(A)I/d be the depolarising map, with visibility t ∈ [0, 1]. Given the above behaviour, we obtain a strictly feasible solution for SDP (16) by setting q(b|x, y) = Tr(M b|y )/d as white noise and t > 0 close enough to zero such that the depolarised measurements M t = {Φ t (M b|y )} are jointly measurable. From the connection between joint measurability and Einstein-Podolsky-Rosen steering [22, 23] , we know this happens for t strictly positive [24] . If the corresponding mother measurement N = {N a } a possess a zero eigenvalue, then the set M t , with 0 < t < t, admits a mother N = {Φ t /t (N a )}, with strictly positive elements. Hence, by Slater's condition [19] the SDPs (16) and (18) present strong duality.
Therefore, if the behaviour can be distributedly sampled with classical communication, the primal SDP yields t * ≥ 1. Strong duality ensures that the optimal solution for the dual matches t * , being also greater or equal to 1, and thus we have
for some real coefficients {µ bxy } b,x,y and some matrix B acting on H satisfying Eq. (18b).
As a concrete example, consider in dimension d = 2 the distributed sampling of the statistics generated by the set of statesŜ = {|+ +|, |y y|, |0 0|, I/2}, formed by one eigenstate of each Pauli matrix X, Y and Z and the maximally mixed state, and the set of measurementŝ M = {M x , M y } associated to X and Y. Running SDP (18) with these inputs, we obtain the quantum communication witness W QC given by
The behaviour yielded fromŜ andM violates it up to 0.58. Notice that S spans the set of Hermitian operators acting in C 2 , therefore every incompatible set of measurements is detected by some W QC constructed from S.
C. Proofs of Theorems 2 and 3
Here we restate and prove theorems from the main text. Proof. Let S ∈ S(H) be an arbitrary set of states and ρ x ∈ S. Assuming M to be jointly measurable, Alice can perform the mother measurement N on ρ x and send the obtained outcome a to Bob, who applies p(·|y, a), one of the post-processing distributions that accompanies N. The statistics generated are described by Eq. (3), where the equality is guaranteed, independently of ρ x , by the joint measurability hypothesis (Eq. (1)).
On the other hand, suppose that exists N and {p(·|y, a)} y,a such that ∑ a Tr(N a ρ)p(b|y, a) = Tr(ρ x M b|y ) for all (ρ x , M y ) ∈ S × M. If S is informationally complete, this implies the relation between measurements operators given in Eq. (1). Hence M is jointly measurable, admitting N as a mother measurement and {p(·|y, a)} y,a as post-processing maps. Proof. Let {ρ x } x be a set of states that spans {F by }, i.e. satisfies 
for some set of measurements { M b|y := ∑ a N a f (b|y, a)} b,y , which is compatible by definition. Since ({F by }, γ) is a incompatibility witness, the expressions above are lower-bounded by γ.
By definition, ({F by }, γ) detects some incompatible set of measurements {M b|y } b,y , hence ({λ bxy }, γ) detects the quantum communication in the distributed sampling of the behaviour {Tr(ρ xMb|y )}. Therefore, ({λ x b y}, γ) defines a quantum communication witness, which detects the same incompatible measurements (with the trusted states ρ x ) as ({F by }, γ) by construction.
D. Relation with state discrimination
We start by pointing that if a set of states S = {ρ x } x can be perfectly discriminated, then Alice can do it and send Bob the classical label x, who will again hold both inputs. Therefore, perfect discrimination implies a CC-realisation in our distributed sampling task. Consequently, a violation of a quantum communication witness detects not only the quantum communication needed for realising the behaviour and the incompatibility of the measurements, but also that S is not perfectly discriminable.
It was shown in Thm. 3 that every incompatibility witness corresponds to a quantum communication witness. As proved in Refs. [16] [17] [18] , the former can also be phrased in terms of a discrimination game of suitable ensembles. Hence, we explicit here how to translate from one formulation to the other. Notice that although our quantum communication witnesses involve measuring quantum states, the underlying task taking place is essentially different from their discrimination.
Recall that our witnesses are given by 
where ν = ∑ b,y max x |λ bxy | and α = 
